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1. Introduction. The purpose of this article is to study long time existence for high 
dimensional quasilinear wave equations exterior to star-shaped obstacles. In particular, 
we seek to prove exterior domain analogs of the four dimensional results of [5] where 
the nonlinearity is permitted to depend on the solution not just its first and second 
derivatives. Previous proofs in exterior domains omitted this dependence as it did not 
mesh well with the energy methods in use. The main estimates used in the proof are 
the variable coefficient localized energy estimate of Q2] as well as a constant coefficient 
variant of this estimate which was developed in pQ, and [I]. 

Let us more specifically describe the problem at hand. We fix a bounded set K, which 
has smooth boundary and is star-shaped with respect to the origin. Without loss of 
generality, we shall assume that /C C {|x| < 1}. We then seek to solve the following 
boundary value problem 

{□it = Q(u, u', u"), (t, x) G M+ x R"\/C, 
u(t, -)|flJC = 0, 
«(0,-) = /, dtu(p,-)=g 

where □ = <9 ( 2 — A is the d'Alembertian. Here and throughout, we use u' = (dtu, V x u) 
to denote the space-time gradient. The nonlinear term Q is smooth in its arguments and 
has the form 

(1.2) Q(u, u', u") = A(u, «') + B al3 {u, u')d a d p u 

with the convenient notation do = dt- Throughout this paper, we shall utilize the sum- 
mation convention where repeated indices are summed. Greek indices a, j3, 7 are summed 
from to the spatial dimension n, while Latin indices i, j, k are implicitly summed from 
1 to n. We shall reserve fi, v, and a for multiindices. Here A is taken to vanish to second 
order at (u,u') = (0,0), and B vanishes to first order at the origin. We also assume the 
symmetry condition 

(1.3) B al3 (u,u') = B f3a {u,u'), 0<a,(3<n. 

To solve (jl.ip . one must assume that the data satisfy some compatibility conditions. 
These are well known, and we shall only tersely describe them. A more detailed exposition 
is available in, e.g., [7j. We write JkU — {d%u : < < k}. For any formal H m solution 
u, we can write d^u(0, ■ ) = ipk(Jkf, Jk-19), < k < m for some compatibility functions 
ipk- The compatibility condition of order m for data (/, g) € H m x £T m_1 simply requires 
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that ipk vanishes on dIC for < A; < m — 1. For (/, g) 6 C°°, we say that the data satisfy 
the compatibility condition to infinite order if the above holds for all m. 

Under these assumptions, we have small data global existence when n > 5. 

Theorem 1.1. Let K, C W 1 , n > 5 be a smooth, bounded, star-shaped obstacle, and let 
Q(u, u',u") be as above. Assume further that (/,<?) G C°°(K n \/C) vanish for \x\ > R for 
fixed R and satisfy the compatibility conditions to infinite order. Then there is a constant 
So and a positive integer N so that if < e < So and 

(1-4) £ + E H«iWQ < ^ 

H<a+i \n\<N 

then (jl.ip has a unique global solution u £ C°°([0, oo) x R™\/C). 

When the Q(u,u' , it") = Q(u',u"), such global existence results have previously been 
established in [T2J H3] for n > 4. The geometrical restrictions on K, in [T3] are much less 
strict. When n > 7, the proof in [12] can easily be adapted to prove the theorem. We 
shall not discuss the n = 5, 6 result further as it follows from easy modifications of the 
arguments of [T] or of those in the sequel. 

With a general nonlinearity such as above, in dimension 4, one expects almost global 
existence as in Hormander [5] for the boundaryless case, and this was indeed proved in 
PP. Similarly, in three dimensions, based on the boundaryless results of Lindblad [TUj . 
one expects a lifespan T e ~ e~ 2 , and this was proved for star-shaped obstacles in [2]. 

The proofs of [S] and [TU] for long time existence in the boundaryless case show an 
improved lifespan in n = 3, 4 if the additional restriction 

(1.5) (d^4)(0,0,0) = 

is imposed. With this additional restriction, the lifespan bounds which are proved are 
comparable to those which were previously available when the nonlinearity was not per- 
mitted to depend on u. That is, in three dimensions, solutions exist almost globally, and 
in four dimensions, there is global existence. 

The exterior domain analog of this four dimensional global existence is the primary 
result of this article. 

Theorem 1.2. Let K C K. 4 be a smooth, bounded, star-shaped obstacle, and let Q(u, v! , u") 
satisfy (|1.5p in addition to the assumptions of Theorem \l.l\ Assume further that (f,g) £ 
C°°(IR 4 \/C) vanish for \x\ > R for fixed R and satisfy the compatibility conditions to 
infinite order. Then there is a constant £o and a positive integer N so that if < s < Eq 
and 

(i-6) E ii^/iu 2 (R 4 yc) + 

\/j,\<N+l \t*\<N 

then (jl.ip has a unique global solution u £ C°°([0, oo) x M 4 \/C). 

While we have only stated Theorem 11.11 and Theorem 11.21 for scalar equations, it is 
not difficult to extend these results to systems and even multiple speed systems. We do 
not expect the restriction to star-shaped obstacles to be optimal but impose this largely 
for simplicity of exposition. One might fully expect similar results to hold in domains 
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similar to those addressed in [llj . that is, any domain for which there is a sufficiently 
rapid decay of local energy. 

We also note here that we only examine the case of Dirichlet boundary conditions. 
While Neumann boundary conditions were permitted in they are more difficult to 
handle for quasilinear equations. First of all, even proving energy estimates for small 
perturbations of the d'Alembertian in the exterior domain requires additional assump- 
tions. In particular, one either needs to assume a nonlinear compatibility condition which 
is akin to what appears in [14] or more generally take the boundary condition to regard 
the conormal derivative as in [9]. Moreover, with Dirichlet boundary conditions and a star 
shaped obstacle, the boundary terms which appear in the localized energy estimates (see 
Proposition 13 . 1 1 and [T2] ) have a favorable sign. This is no longer the case with Neumann 
boundary conditions. By developing techniques that would allow more general obstacle 
geometries, it is possible that one may also permit Neumann boundary conditions, but 
we do not explore that here. 

In hopes of making the arguments more transparent, we shall truncate the nonlinearity 
at the quadratic level. Since we are dealing with small amplitude solutions, the higher 
order terms are better behaved, and it is clear how to alter the proofs in the sequel to 
permit these terms. With such a truncation, we may now focus on 

(1.7) Du = a a ud a u + b ali d a ud p u + A al3 ud a d p u + B apl d a udpd lU 

with Dirichlet boundary conditions and small data. 

Our proof is based on two key estimates. The first is a localized energy estimate which, 
beginning with (ij , has played a key role in nearly every proof of long time existence for 
wave equations in exterior domains. In one of its simplest forms, it states 

(1-8) ||<ar>- 1/a -«/lU ? -{[ o,r|xR») < IK(0, -)h+ f \pw(s, ■ )|| 2 ds 

Jo 

in W.+ x R™, n > 3. We shall also utilize a version of this for perturbations of the 
d'Alembertian which is from [12j . 

The second of the key estimates is a variant on this. It can be thought of as a 
generalization of the main new estimate used in pQ . It is also the p — 2 version of the 
weighted Strichartz estimates of [3], [I]. In K + x K 4 , this states that 

(1.9) UW-^-rtHI^ < IK(0, Oll^r-i + HIzr^DHU^, < 7 < 1/2. 

It is the 7 = version of this estimate which was used in [1] to prove almost global 
existence in R 4 \/C when (| 1 . 5 j) is not assumed. When 7 = 0, there is a logarithmic blow 
up in t in the estimate, and this logarithm corresponds precisely to the exponential in 
the lifespan bound. 

2. Main estimates on K + x M 4 . In this section, we gather the main boundaryless 
estimates. These estimates, for the most part, are not new. In the sequel, we shall 
apply a cutoff which vanishes near the boundary to the solution. What results solves a 
boundaryless wave equation to which these estimates may be applied. 
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The estimates which we explore here will be for linear wave equations in R + x R 4 . We 
let w solve 

(a w = F, (t,x)eR+xR\ 
\w(0, •) = w , d t w(0, •) = wi. 

The first of these estimates is a localized energy estimate. This has become an increas- 
ingly standard tool in the study of nonlinear wave equations. In the next section, we shall 
also present a version of this estimate which holds for perturbations of the d'Alembcrtian 

Proposition 2.1. Let w be a smooth solution to (|2.ip which vanishes for large \x\ for 

each t. Then, for any T > ; we have 

(2.2) 

\\(x)~ 1/2 ~w'\\ L 2 rro.rlxM*) + ll(^r 3/2 w|| L 2 ([ ,t]xm*) ^ W(0, -)h + / -)hdt 

Jo 

with constant independent of T . 

This proposition, in fact, holds in any dimension n > 3, though in n = 3 the second 
term in the left side has a logarithmic divergence in T. A proof can be found in 12J, 
though this estimate did not originate there. The interested reader can see the references 
therein for a more complete history. To prove the estimate, one uses a positive commu- 
tator argument with multiplier f(r)d r w + ^^r-w where f(r) = -^tr to get the estimate 
in a torus with radii R. Summing over such dyadic radii yields the proposition. 

The second estimate is from [3] and [3]. 

Proposition 2.2. Let w be a smooth solution to (|2.1[) . Then, for < 7 < \, we have 

(2.3) |||zr5-7H| L ^ (]R+xH4) £ ll w o|| i jT( R 4 ) + ||w;i||^-,-i (R 4 ) + |||a;|" 1 " 7 J F 1 || i i i i L 2 (R+xR 4 ) . 

This proposition follows in the homogeneous case by interpolating a trace lemma 
(on a sphere) and a variant of the localized energy estimate which follows by applying 
PlancherePs theorem in the i-variable. The inhomogeneous estimate follows, in turn, by 
using the dual estimate to the trace lemma which was applied. This yields a much wider 
class of estimates, which were dubbed weighted Strichartz estimates, for which we have 
only stated the p = 2 case. 

The 7 = variant of this estimate, which involves a logarithmic blow-up in T when 
applied on [0, T] x R 4 , laid at the heart of the proof of the four dimensional almost global 
analog of Theorem 11.11 in p] . Here one alters (|2.2| by applying it to the Reisz tranforms 
of the solution. A weighted variant of Sobolev's lemma is applied to the resulting Sobolev 
norm with negative index which contains the forcing term. 

To obtain a boundaryless wave equation, one applies a cutoff to the solution in the 
exterior domain. In order to handle the resulting commutator term, we shall require a 
variant of these estimates that permits the forcing term to be taken in L\ provided that 
it is compactly supported in the spatial variable, uniformly in t. 

Proposition 2.3. Letw be a smooth solution to (|2.ip with vanishing data (wq = 101 = 0). 

Suppose that F(t,x) = for \x\ > 2. Then, 

( 2 - 4 ) II W W IU?,«([0,T]xR 4 ) £ II^H^dO.TlxR 4 )' 
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This proposition is from pQ and in fact holds for n > 3. The techniques described 
below, however, only work for n > 4. The n = 3 case was presented in [2] using ideas 
from 6 . When w is replaced by w' in the left side, this estimate follows from the 
proof of (|2.2p described above. Rather than applying the Schwarz inequality in x and 
bounding the multiplier term using the energy inequality, one instead applies Schwarz 
in t and x while appropriately introducing a weight so that the multiplier term can be 
bootstrapped into the left side of the estimate. In order to obtain (|2.4p . we apply this 
to dj(A~ 1 djw). Applying A~ 1 dj to F does not maintain the compact support, but the 
kernel is OQx — y\~ 3 ) which remains sufficient to absorb the weight which was introduced. 

We will utilize one additional variant of the localized energy estimates. This one is 
obtained using techniques akin to those which appeared in [5] and [10j . 



Proposition 2.4. Let v be a smooth solution to 

j Dv = Eo a 3 9 jG, (t, x) £ K+ x M 4 , 

Ko, -) = d t v(p, ■) = o. 



(2.5) 
Then 

ii/ s -1/2-8 i 

x ([0,T]xR 4 ) 



(2-6) \\{xr 1,2 - S v\\Li ( ^TW^) < ||G(0, -)\\hs-i + l T \\G(t, -)hdt 



for0<5 < 1/2. 

Proof. We let v\ solve Uv\ = G with vanishing data, and let vo solve the homogeneous 
equation Ov = with u (0, • ) = 0, d t v o (0, ■ ) = G(0, ■ ). Then, 

4 

v = ajdji'i — oqVq. 



Thus, 

\\(x)- 1/2 - 5 v\\ Llx < \\(x)- 1/2 - S v[\\ LU + \\(x)- 1/2 - S Vohl^ 

For the first term in the right side, we simply apply (|2.2p . and to the second term we 
apply 0. □ 



We end this section with our principal source of decay. Here, as was initiated in [B], 
we use the localized energy estimates so as to obtain long time existence from decay 
in the |x| variable rather than decay in the t variable, which is more standard in the 
boundaryless case but much more difficult to prove when there is a boundary. The decay 
that we obtain is based on the vector fields that generate translations and rotations. To 
that end, we set 

{Q} = {Q jk = Xj dk - Xkdj}, 1 < j < k < 4 

and 

{Z} = {d a ,n jk }, 0<a<4, l<j<fc<4. 
Lemma 2.5. For h £ C°°(R 4 ) and R > 1, 

(2.7) \\h\\ L ^ {lxle[R}2R]}) < R- 3 / 2 Yl \\WV r h\\ LH{lxmR/2AR]}) . 

lMl<2,j<l 
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This lemma is proved by apply Sobolev embeddings on R x S 3 after localizing to the 
annulus. The decay results from the difference in the volume element for K x S 3 versus 
that of M. 4 in polar coordinates. See [8] . 



3. Main estimates on W.+ x M 4 \/C. The main estimate here is a localized energy 
estimate which holds for perturbations of the d'Alembertian. The technique of proof 
described in the previous section continues to hold. The boundary term that arises due 
to the obstacle, thanks to the star-shapedness assumption, has a favorable sign and can 
simply be dropped. 

In order to handle the highest order terms of the quasilinear equation, it is beneficial 
to have an analog of the localized energy estimate for perturbations of the d'Alembertian. 
We suppose that cj> G C°°(R + x R 4 \/C) solves 



(3.1) 



' u h( j) = F, (t, x) G M+ x M 4 \/C, 
4>\dic = 0, 

>(0, •) = /, d t <b(0,-)=g 



where /, g are smooth, supported in \x\ < R, and satisfy the smallness condition (|1.6p . 
Here 



and 
(3.2) 

as well as 



U h <i> = (d 2 t - A)cb + h al3 (t, x)d a d <P, 
h a P(t,x) = h f3a {t,x) 



(3.3) 

We shall also utilize the notation 



h\= I^MI < * <1- 

a,P=Q 



\dh\= \d~,h a(3 (t,x)\ 

a,/3,7=0 



and 



5^ = [0,T] x M 4 \/C. 



For such a 0, we have the following estimates from [T2]. 

Proposition 3.1. Suppose that K, C < 1} is a smooth, bounded, star-shaped ob- 
stacle as above. Let cf> € C°°(IR+ x K 4 \/C) solve (|3.1|) with data satisfying (|1.6|) and the 
compatibility conditions. Suppose further that 



^ ||^D0(O, ■) || L2(K 4 w <Ce. 
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Suppose that h a ^ satisfies (|3.2p and (|3.3[) for a sufficiently small choice of 8. Then for 
any nonnegative integer N and for any T > 0, 



(3.4) 



E \\(x)- 1/2 -d^'\\ LHS ^+ E W^y 3/2 9^\\ms-)+ E \\d^'(T,.)\\ LH ^ K) 
\n\<N M<n \n\<N 

\hl 



< 



E/ \ph%<Kt, oiu^w^+E / \{\ dh \ 

j<N'' j<N' !o 



\Vdi4>\ 



L 2 (R 4 \/C) 



dt 



E ii^iiiw + E ii n9 w oiu^vq, 

|/i|<JV-l |/x|<iV-l 



and 



(3.5) 



E ii<z)- i/2 -z^'ii L2(sf) + e ii^)" 3/2 ^iiL 2( 5 f )+ E ii^w, oik; 



(r 4 \k) 



| M |<JV 



\n\<N 



E [ T \\a h z»<j>(t, -)hdt+ E / T ||(|^| + ^)|vz^ 

..\^- AT J I ..1^- AT *■' ^ 



ImI<w 



/i|<iV' 



L 2 (R 4 \/C) 



E ll^<? !, 'IU 2 ([o,r]x{|i|<i})- 

|ji|<iV+l 



As stated above, the description of the proof in the previous sections remains valid 
when N = 0. For the higher order cases, one uses the fact that dt commutes with □ 
and preserves the Dirichlet boundary conditions. Then, by using elliptic regularity and 
relating the Laplacian to time derivatives via the equation, one can obtain (|3.4|) . To 
prove (|3.5|) , one argues as in the N = case and applies a trace theorem to the resulting 
boundary terms. Here we note that the coefficients of Z are 0(1) on dlC. Also note that 
the last term in (|3.5[) is controlled by the left side of (|3.4|) . 



4. Proof of Theorem 11.21 With the estimates of the previous sections in hand, we 
now proceed to the proof of the main long time existence result. 

We solve the nonlinear equation via an iteration. We set uo = and recursively define 
ui to solve 
(4.1) 

Uui = a a u l _ 1 d a ui-i + b al3 d a ui-id0Ui-i + A al3 ui^ 1 d a dpui + B a ^ d a ui-xdpd n ui 

' Ul\dK = 
ui(0, ■)=/, dm(0, ■)= g. 
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For any fixed < 5 < 1/8, set 



(4.2) M l {T)= £ [sup ||(^)'(t,.)IU 2(K nx:) + ll^>" 1/2 " 5 (^)'ll^(^) 

Y [ii(x>- 1/2 - 5 (^)']] i2(s5) + ii<*r 1/2 - 25 ^Uw]x { |,i>2 }) 



|M|<49 



+ SUp WiZ^UiYit, -)IU 2 (R 4 \/C) + IMU 2 ([0,T]x{|:r|<3})- 

te[o,T] J 



Our first goal is to show that M;(T) is bounded uniformly in I and T. 

We claim first that there is a Co so that Mi (T) < Co£ for any T > 0. Such boundedness 
follows easily from Proposition 13.11 (with h a ^ — 0) and (|1.6[) for every term in Mi (T) 
except for the fourth term. For this fourth term, we fix a smooth test function p which 
is identically 1 on {|x| < 1} and vanishes outside of {|a;| < 2}. Since /C C {|a;| < 1}, we 
then have that (1 — p)Z^ui solves the boundaryless wave equation 

□ (1 -p)Z»u x = [A, p\Z^u\. 

Since the commutator has compact support, we may apply (|2.3p (with F = 0) and (|2.4[) . 
What results in (|2.4p from the commutator is easily bounded using (|3.4p as above. 

We now inductively show that 

Mi(T)<WC e, 1 = 2,3,.... 

We begin with bounding everything but the fourth term of M;(T) using Proposition 13. II 
Here, we set 

It then follows that terms /, II, III, V, and VI of P~2]) are 



(4.3) 



<C e+C Y I W u hui{t, -n^^dt+C Y I \\Ph,d»]vi(t, -)IU 

IH<50 ° ImI<50 

+ C Y I II(^««-i)(0S)IIl»(R*VC) dt 

\n\<50 J ° 

\a\<2 

+ cY I wn hUl {t,.)\\ L ^ K) dt+c y I \\ph,z^]ui(t 

|p.|<49 ImI<49 

+ C Y A(Z>-i)(^X)IUwvqrfi 



L 2 (R 4 \/C) dt 



|ju|<49' 
kl<2 



C Y \ su p ll^ n «i(*. OIU^w + H^nuill^) 

| Ai |<49 Lf e[0^] 
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Noting that 

E (^□ h ui| + |[^a fc ]u J |)< £ E 

H<50 |^|<26 M<50 



E 1^1 E E i^-ii E 

|/i|<27 |f|<50 ImI<26 M< 50 



and similarly 



E {\z^ hUl \ + \[z^n h } Ul \)< e l^-il E M 

Ml<49 H<26 M<49 

+ e i^ M «ii E i^>_xi+ e E 

|ju|<27 M<49 |mI<26 M<49 

|<t|<1 |<t|<1 

we may apply (|2.7p and the Schwarz inequality to control the second through seventh 
terms in (I4.3[) by 



E ik»>" 3/ *^«i-iIIl»(s*)(E ii<*r 3/4 ^iiL^)+ E ii^r 374 ^!!^) 

|ju|<29 M<50 |w|<49 

E ii(x}- 3/4 z^iIl 2( 5-)( E iK*r 3/4 0"«{-iiiL a( s*?}+ E ii<*r 3/4 ^^-iiu w ) 



H<30 l^l<50 kl<49 

M<1 



E ik»>" 3/4 ^«i-iIIl»( S *)(e ii^)" 3/4 ^-iii^(^)+ E \\(xr* /i z v & r ui-i\\»(sz 



/i|<29 |f|<50 kl<49 



The last two terms of (|4. 3[) are controlled similarly, though more simply. Here, for the 
pointwise in time terms, it is worth noting the following variant of (|2.7p . 

Proposition 4.1. If h E C£°(R 4 ) and R>0, then 

R\\h\\L<*>({R/2<\x\<R}) < E I^^^Hl^R 4 )- 

See, e.g., [TJ Lemma 2.1]. It is also necessary to invoke a Hardy inequality. These 
details are left to the reader. 

With this, we have seen that terms /, II, III, V, and VI of (|4.2[) are 
< C e + CMi-i{T)Mi(T) + C7(M,_i(T)) a . 

It remains only to bound term /V of (|4.2p . For this, for a solution it; to (14. ip , we 
examine (1 — p)Z^ui where < 49 and p is a smooth cutoff function as above. We have 
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that (1 — p)Z^ui solves the boundaryless wave equation 

□ (1 - p)Z» Ul = [A, P ]Z^ H + {l- P ) E "^(^l-i^-i) 

+ (l-p) E b$ a d a Z°ui-id (i Z 1 ' Ul _ 1 + (l-p) Y A$MZ°ui- 1 d p Z v u l ) 

\<t\ + \v\<\h\ \<r\ + \v\<\n\ 

+ (l-p) J! A$ a d a Z' r u l - 1 df l Z v in + (l- P ) E Bffid a Z°u l - 1 dpd 1 Z u u l 

\a\ + \u\<\fj,\ W\+\"\<\H\ 

+ (1 - p)B^d p {d a ui- l d^ui) + (1 - p)&^d a d p u l -x^ui. 

for appropriate coefficients a? v<7 , etc. based on those in (|1.7p . Here we have 

used the fact that [9, Z] is in the span of {d}, and the new coefficients depend on these 
commutators as well as the appropriate binomial coefficients. We further decompose the 
right side into 

[A,p]Z»ui+ ]T a°, ir d a ((l-p)Z'>u l -iZ*u l - 1 ) 

| <T | + | V | < | fl | 

+ ^ A^M(l-p)Z^ui. 1 d Z v ui)+Bf^d p ((l-p)d a u l - 1 d 1 Z^ui) 

\a\+\v\<\»\ 

|it|+|^| < ImI l^l+l^l ^ ImI 

+ (1 - p) £ BffldvZ'ui-xdfaZ'ui + (1 - p)BffZd a d fS u l - X d y Z»ui 

\<t\ + \v\<\h\ 

kl>o 

+ E q? w (»«p)^"«i-i^«i-i+ E ^(M^u^a^u,. 

kl+kl<kl kl+M<M 

<5<1 

We write (1 — p)Z^ui = V\ + V2 + V3 where «i solves Dui = [A : p]Z^ui and 

DU 2= E ^^((l-p^-l^-l) 

kl+M<kl 

+ E ^^((l-^^-x^z^o+^^ca-p)^-!^^). 

I <7 1 + 1 f | < | fl | 

Both vi and ^2 are taken to have vanishing initial data. It then follows that ^3 solves 

□«3 = (l-p) E 6^»a^«l-l^^"«I-l + (l-P) E ^a^^Uj-lfl/J^Uj 

kl+kl<kl kl+M<M 

+ (1 - p) E B^d a Z a ui. x d^Z v m + (1 - p)B*$d a d l3 u i - 1 d J Z' , u, 

W\+\u\<M 
kl>o 



»7 



kl+kl<kl kl+M<kl 

<5<1 
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with Cauchy data which matches that of (1 — p)Z^ui. 
To bound 

we apply (|2.4[) . It then remains to bound 

||^' 1 ^|| i 2([o,T]x{l<|x|<2}) + ||(^wO'llz a ([0,T]x{l<|a:|<2}) 

which we have done in the previous step. 



To establish a bound for i>2 in the same space, we may apply (|2.6|) . Using the com- 
patibility conditions and (|1.6|) . we have 



W(xy 1/2 ^ 2S v 2 \\m[o,T]xRi) <C e + C Y / \\Z <T ui-iZ v ui-i\\v > (w*\K)dt 

M<49,M<25 

C Y / Wn^dZ'mW^ 

4 \/c) dt 

i..i^An i.i^t Jo 

+ c V / WZ'dmZ'u^WL^vdt. 

Jo 



|i/|<49,|ff|<25 ' 



kl<49,k|<25' 



For each of the latter three terms, we apply (|2.7p to the lower order term on each dyadic 
annulus. By applying the Schwarz inequality and summing over the dyadic intervals, we 
see that this is 

< C e + C(M,_i(T)) 2 + CM t -i(T)Mi(T) 

provided 5 < 1/8. 

For W3, we use (|2.3p . Using, again, the compatibility conditions and (11. 6|) . we have 



\\(xy 1/2 - 2S v 3 \\ LH[0tT]xMi) <C e+C J2 \\{')~ 1 ~^Z'u l - 1 ){dZ v ui- 1 )\\ L i L r Jl , 

M<49,|<r|<25 

+ C Y, Wixr^idZ-u^idZ-uMLlLlLl 

|i/|<49,H<25 

+c y \\^y 1 ~ 25 (9z"u l )(az' j u l ^)\\ LlLlTLl 

|i/|<49,|ct|<25 

+ C Y/ \\Z' 7u i-iZ Vu i-i\\lili,li([o,t]x{i<\x\<2}) 

k|<49,|cr|<25 

+ C Y \\ Zau l-^ ZVu l\\L)LlLl([0,T}K{l<\x\<2}) 
I"I<49,|ct|<26 

+ C J! \\ Zau l9 S Z V Ui- 1 \\ L i L i L 2 ([0,T]X{K|x|<2»- 

kl<49,k|<26 
<5<1 

By applying Sobolev embeddings on S 3 to the lower order term in each of the last six 
terms and utilizing the Schwarz inequality, we again have that this is controlled by 

C e + C(M,_i(T)) 2 + CMi-i(T)Mi(T). 
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By combining the bounds for each of these pieces, we see that 

M,(T) < 4C e + C(M ; _!(T)) 2 + CMi-i(T)Mi(T). 
If we apply the inductive hypothesis Mj_i(T) < 10Co£, it indeed follows that 

Af,(T) < 10C7 o£ 

provided that e is sufficiently small. 

It remains to show that {ui} is a Cauchy sequence in similar spaces. To this end, we 

set 
(4.4) 

MT)= E [ su p ll(^(^-^-i)) / (t,-)ll^(K^)+ll^}" 1/2 ^(9' i (^-^-i)) / IL 2 (5 f ) 

|, I |<49 L * 6 [°' T ] 

+ E [11 <*r 1/2 ~ 5 (^>* - ui-o/iil-cs? ) + \\(x)- l/2 - 2S z»( Ul - ^-i)ii l2([0 ,t]x { |,i> 2} ) 

|/x|<48 

+ SUp WiZ^iui -Ul-l))'(t, -)I|l 2 (R 4 \K;) + ||«Z - ^-l||t 2 ([0,T]x{|x|<3})- 

te[o,T] J 
Using quite similar arguments and the 0(e) bound on Mi(T), one can prove 

MT) < ^_ X (T). 

This suffices to show that the sequence converges. Its limit is indeed the solution u, which 
completes the proof. 
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